Geometric analysis of the Yang-Mills-Higgs-Dirac model by Jost, Jürgen et al.
ar
X
iv
:1
90
8.
00
43
0v
2 
 [m
ath
-p
h]
  4
 Ju
n 2
02
0
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Abstract. The harmonic sections of the Kaluza–Klein model can be seen as a variant
of harmonic maps with additional gauge symmetry. Geometrically, they are realized as
sections of a fiber bundle associated to a principal bundle with a connection. In this paper,
we investigate geometric and analytic aspects of a model that combines the Kaluza–Klein
model with the Yang–Mills action and a Dirac action for twisted spinors. In dimension two
we show that weak solutions of the Euler–Lagrange system are smooth. For a sequence of
approximate solutions on surfaces with uniformly bounded energies we obtain compactness
modulo bubbles, namely, energy identities and the no-neck property hold.
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1. Introduction
In this article we study geometric and analytic properties of a gauged non-linear sigma
model that combines the theory of harmonic sections with the Yang–Mills action and the
Dirac action for twisted spinors. Mathematically this yields an equivariant extension of the
theory of the theory of Dirac-harmonic maps and is also motivated as a simplification of
supersymmetric Yang–Mills theory from physics.
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Investigating the rich and subtle mathematical structure of quantum field theory (QFT) is
important for physics and mathematics alike. In fact, models from QFT have lead to a host of
powerful geometric invariants. In particular, Donaldson could construct powerful invariants
for differentiable 4-manifolds from solution spaces of anti-selfdual Yang–Mills connections,
and later, Seiberg and Witten derived simpler invariants also from the Yang–Mills functional.
The Gromov–Witten invariants are fundamental in symplectic geometry, to name just the
most famous and powerful such invariants.
The Yang–Mills functional evaluates the L2-norm of the curvature of a connection on a
principal bundle. Such a connection arises as a gauge field in QFT. The first gauge theory
was proposed by Hermann Weyl, in order to unify electromagnetism with gravity. The gauge
group was the abelian group U(1). While this was not successful as a physical theory, it
inspired Yang and Mills to develop gauge theories with non-abelian gauge groups. Yang–
Mills–Higgs theory couples the connection from Yang–Mills theory with a section of an
associated bundle of the principal bundle, the Higgs field. These theories constitute the
basis of the Standard Model of elementary particle physics that unifies the electromagnetic,
weak and strong forces. The gauge group here is SU(3)×SU(2)×U(1), but mathematically,
one can work with any compact linear group. Thus, also grand unified theories with gauge
groups like SU(5) have been proposed. The gauge fields, however, constitute only half of
the fields of QFT, the bosonic ones. The other fields are the fermionic matter fields. They
are mathematically represented by spinors, and the action is of Dirac type. These two types
of fields are combined in supersymmetric Yang–Mills theory. The action functional includes
commuting gauge fields and anticommuting matter fields, and supersymmetry converts one
type of field into the other, while leaving the action invariant. The supersymmetric Yang–
Mills action is mathematically very rich. In order to develop tools for its mathematical
analysis and to explore its geometric consequences, it has been found expedient to work with
simplified versions. For instance, the Seiberg-Witten invariants arise from a reduced version
of super Yang–Mills. Perhaps the simplest action functional that still captures the essential
mathematical aspects behind super Yang–Mills is the nonlinear supersymmetric sigma model,
see for instance [9, Chapter 6]. Here, the gauge connection is replaced by a map into some
Riemannian manifold (a sphere in the original model, but mathematically, one can take any
Riemannian manifold). The action functional for that map is the Dirichlet action1, and its
critical points are known as harmonic maps in the mathematical literature. The matter field
becomes a spinor field along the map, and the critical points solve a nonlinear Dirac equation.
For the details of the algebraic and geometric structure of this action functional, we refer to
the systematic investigation [22].
From a semiclassical perspective, one would like to study the critical points of the action
functional. They are solutions of certain partial differential equations (PDEs), the Euler–
Lagrange equations for the functional. Here, a new mathematical difficulty arises. The
fermionic fields are anticommuting, and therefore, they are not amenable to regularity the-
ory for solutions of partial differential equations, because that theory works with analytical
inequalities, and these are meaningful only for commuting (real-valued) fields. Therefore,
in [8], a variant of the functional has been constructed that works with commuting fields
only. That is, the spinor fields also become commuting fields. This is achieved by changing
1In the mathematical literature, this is usually called an energy instead of an action; in fact, we shall use
some energies below for auxiliary purposes in our analysis.
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the Clifford algebra for the representation of the spin group. By that construction, supersym-
metry between the fields is lost, but all other symmetries, in particular conformal symmetry,
are preserved, and the analytical power of PDE regularity theory is gained.
The preceding described the simplest theory in that context. The standard model has
more fields than the sigma model, and the coupling between those fields is essential. Of
particular importance is the Higgs field whose physical role consists in assigning masses to
other fields. Therefore, it is natural to develop the geometry of coupled field equations, and
from an analytical perspective, at the same time to make all fields commuting. That is what
we start in this paper.
Let us now describe the geometric structure in more detail. Given a G-principal fiber
bundle P over the manifoldM and a left G-manifold (N, h), one can construct the associated
fiber bundle N = P ×G N over M . A principal connection ω on P induces an associated
connection on N , in particular a splitting TN = H⊕V of the tangent bundle in a horizontal
and a vertical part. Kaluza–Klein theory constructs a bundle metric G , turning (N ,G ) into
a Riemannian manifold. While the action on the connection is given by the Yang–Mills
functional, the Higgs energy of sections φ : M → N is not the full Dirichlet energy, since the
latter is not compatible with the variation in the space of sections of N . Rather, we should
restrict it to the vertical part dVφ of its differential. For the twisted spinors ψ ∈ Γ(S⊗φ∗V),
we define a vertical, twisted Dirac-operator. Putting the pieces together, the action of the
Yang–Mills–Higgs–Dirac functional is then given by
A(ω, φ, ψ) =
ˆ
M
|F (ω)|2 + | dVφ|2 +
〈
ψ, /Dψ
〉
dvolg,
where F (ω) is the curvature of the principal connection ω.
The Euler–Lagrange equations for the action A are given by
D∗ωF + dµ¯
∗
φ(d
Vφ) +Q(φ, ψ) = 0,
τV(φ)− 1
2
RV(φ, ψ) = 0,
/Dψ = 0.
(1.1)
The terms dµ¯∗φ(d
Vφ) andQ(φ, ψ) describe the infinitesimal dependence of | dVφ|2 and
〈
ψ, /Dψ
〉
on ω, respectively. The vertical tension field τV(φ) is a differential operator of order two and
RV(φ, ψ) is a contraction of the Riemannian curvature of G . Up to the choice of a gauge,
for instance the Coulomb gauge, (1.1) is locally an elliptic system.
For the geometric constructions, there exists some prior work on which we build. The
Yang–Mills–Higgs theory has been analyzed from a mathematical perspective, viewing the
Higgs field as a natural generalization of harmonic maps to fiber bundles as C. M. Wood
noticed in his work [42, 43] on harmonic sections. David Betounes has clarified that the right
geometric setup for Yang–Mills–Higgs theory is given by a Riemannian variant of Kaluza–
Klein geometry, see [3, 4, 5]. The Yang–Mills–Higgs functional is also investigated under the
name of gauged harmonic maps by Lin–Yang [24]. Thomas H. Parker [27] has worked on the
unification of Yang–Mills theory with spinors in the case of linear fiber bundles. We point
out that the geometric setup developed here works for non-linear fibers.
In contrast, further analysis of the system (1.1) depends heavily on the dimension of the
domain. While Yang–Mills theory is richest in dimension four, the theory of harmonic maps,
that is, the Higgs-field, meets its singularity already in dimension three. Consequently, we
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will restrict our attention here to the case of a two-dimensional domain. Atiyah–Bott [2]
have demonstrated, Yang–Mills theory also leads to geometric and topological insight in
dimension two. Based on Karen Uhlenbeck’s Coulomb gauge theorem and Tristan Rivière’s
regularity theory, we obtain the full regularity of weak solutions.
Theorem 3.2. Let (M, g) be a closed Riemann surface. Let (ω, φ, ψ) be a weak solution
of (2.5). Then there is a gauge transformation ϕ ∈ D2,2 such that (ϕ∗ω, ϕ∗(φ), ϕ∗(ψ)) is
smooth.
The bubbling phenomenon of harmonic maps is also special to the case of two dimensions.
Ultimatively, the bubbling rests on the fact that the Dirichlet action is conformally invari-
ant in two dimensions. While the Higgs action is conformally invariant in dimension two,
the coupled Yang–Mills–Higgs–Dirac action is not conformally invariant. It turns out that
for sequences of approximating solutions and a suitable notion of energy, the energy only
concentrates at the blow-up points of the sections and the connection does not contribute
to energy concentration. After establishing the necessary small energy regularity, we show
that the limit objects are bubble trees of Dirac-harmonic maps with trivial principal bundle
and connection.
Theorem 5.1. Let (ωk, φk, ψk) be a sequence of approximating solutions to the Euler–Lagrange
system (2.5) with uniformly bounded energies. Then up to extraction of a subsequence the
sequence of approximating solutions converges weakly to a smooth solution (ω∞, φ∞, ψ∞)
of (2.5).
Furthermore, there is a finite set S1 = {x1, . . . , xI} ⊂ M such that the convergence is
strong on any compact subset of M \ S1. For each xi ∈ S1 there exists a finite collection of
Dirac-harmonic spheres (σli, ξ
l
i) from S
2 into N for 1 ≤ l ≤ Li < ∞, such that the energy
identities
lim
k→∞
AYM(ωk) = AYM(ω∞),
lim
k→∞
E(φk) = E(φ∞) +
I∑
i=1
Li∑
l=1
E(σli),
lim
k→∞
E(ψk) = E(ψ∞) +
I∑
i=1
Li∑
l=1
E(ξli),
and the no-neck property hold, that is, φ∞(M) ∪
(
∪i,lσli(S2)
)
is connected. The principal
bundle and connection on the bubbles (σli, ξ
l
i) are trivial.
It remains to be seen if and how the resulting bubble trees can be seen as compactification
points of a set of first order equations. For the treatment of twisted holomorphic maps,
a set of first order equations that minimize a Yang–Mills–Higgs without spinors, we refer
to [29]. When the complex structure of the domain varies and degenerates to some surface
with nodes, then the connection part plays a special role in the analysis of the degenerating
region and a new phenomenon occurs, see [29, 37]. We expect that a similar phenomenon
can be explored in the case of Yang–Mills–Higgs–Dirac model.
The article is organized as follows. In Section 2 we give a detailed geometric setup of
the Yang–Mills–Higgs–Dirac model. For the convenience of the readers and in order to fix
the notation, we recall the Kaluza–Klein geometry of general fiber bundles over Riemann-
ian manifolds and the theory of harmonic sections. Afterwards we formulate the coupled
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model and derive its equations of motions for all fields and obtain local expressions. In
Section 3 we derive the regularity of weak solutions of the equations of motion up to a
gauge transformations for the case where the dimension is two. In Section 4 we obtain the
small energy regularity as a first step towards understanding the limiting behavior of critical
points. Section 5 treats the bubbling of the Yang–Mills–Higgs–Dirac model by proving that
the energy of the connection does not concentrate and subsequent reduction to the case of
Dirac-harmonic maps. In the second part we focus on the case where the domain is a closed
Riemann surface. With the help of the tools from Yang–Mills and harmonic map theory, we
obtain the regularity of weak solutions and the energy identities and no-neck properties for
the approximate sequences.
2. Geometry of the Model
In this section we describe the geometric setup of the Yang–Mills–Higgs–Dirac model:
We will give an explicit description of the construction of the Kaluza–Klein metric on the
associated fiber bundle N from a connection ω on the principal bundle P → M and the
Riemannian metrics on M and the fiber N . Sections φ of N = P ×G N are called harmonic
sections if they are critical points of a suitable generalization of the Dirichlet action: the Higgs
action. Afterwards we couple the Higgs action with the Yang–Mills action and investigate
the dependence of the Higgs action on the connection. In the last step we build the Yang–
Mills–Higgs–Dirac action by adding the Dirac action for vertical twisted spinors.
Several aspects and special cases of this coupled action have been studied before: The
Higgs action has been introduced in [42, 43] as an equivariant generalization of harmonic
maps and has been studied more recently in [25] under the aspect of harmonicity of geometric
structures. The Kaluza–Klein metric and its geometry has been investigated in [4, 5]. In [27]
the coupling of the Yang–Mills equation with Laplace equations and Dirac equations was
analyzed on associated vector bundles over four-dimensional Riemannian manifolds. Our
work combines the above approaches to a geometric setup for the coupled Yang–Mills–Higgs–
Dirac action in arbitrary dimension of the base manifold M and for general non-linear fiber
N . The main technical achievement of this section is to obtain the precise dependence of
Kaluza–Klein geometry and, subsequently, of the coupled action on the connection.
2.1. Kaluza–Klein metric on associated fiber bundles. When the structure group of
a principal fiber bundle acts on a vector space one obtains an associated vector bundle. Here
we describe the necessary generalization to the non-linear case where the fiber is a general
Riemannian manifold. We will see that a connection on the principal bundle allows us to
combine the metric on the base manifold and the fiber manifold to a Riemannian metric on
the associated fiber bundle, called Kaluza–Klein metric in [5].
Let M be an m-dimensional oriented closed manifold with a Riemannian metric g, and G
a compact Lie group with Lie algebra g. In particular, being compact and hence finite-
dimensional, G is isomorphic to a matrix group. Suppose, P = P (M,G, π,Ψ) is a principal
G-bundle over M , where π : P → M denotes the projection and
Ψ: P ×G→ G, Ψ(p, a) ≡ Ψa(p) ≡ Ψp(a),
denotes a free right G-action. Further assume that (N, h) is a left G-manifold; that is,
µ : G×N → N, µ(a, y) ≡ µa(y) ≡ µy(a),
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is a left action with µ(G) ⊂ Isom(N, h). Then G acts on the product P ×N from the right
freely:
(Ψ× µˇ) : (P ×N)×G→ P ×N
((p, y), a) 7→ (Ψa(p), µa−1(y)).
For further reference we abbreviate µˇa := µa−1 . The orbit space
N := (P ×N)upslopeG ≡ P ×G N
is a smooth manifold; denote the quotient map by ι : P × N → N , where ι(p, y) = [p, y].
Note that this is a principal fiber bundle over N with fiber G. As G acts fiberwisely on P ,
there is a unique map ρ : N → M s.t. the following diagram commutes:
P ×N (P ×N)upslopeG = P ×G N
P M
ι
pr1
pi
∃!ρ
It is well-known that ρ : N → M is a fiber bundle with fiber space N . The embedding of
the fiber is given by the insertion map: For any x ∈ M and any p ∈ P with π(p) = x, the
insertion map
ιp : N → Nx = ρ−1(x),
y 7→ [p, y]
is a diffeomorphism. A different choice of the point p yields to an embedding differing by an
automorphisms of N .
The differential dρ of the projection ρ : N → M yields a short exact sequence of vector
bundles over the fiber bundle N :
(2.1)
0 V ≡ Ker(dρ) TN ρ∗(TM) 0
N
piV
dρ
We call πV : V → N the vertical bundle over N , whose fibers are given by the tangent space
of N .
Analogously, the vertical bundle V P ⊂ TP of a principal bundle P is defined by V P =
Ker dπ and can be shown to be trivial: V P = P ×g. A principal connection is a G-invariant
splitting TP = V P ⊕HP , where the horizontal bundle HP is isomorphic to π∗TP . Such a
principal connection can be given by a G-equivariant g-valued one form ω ∈ Ω1(P, g) such
that, under the above trivialization, ω((p, a)) = a ∈ g for all (p, a) ∈ V P = P × g. The
kernel of ω is the horizontal distribution HP . For more details on connections in principal
bundles, see [33].
The principal connection ω induces an Ehresmann connection σ on the associated bun-
dle N by specifying a horizontal distribution H complementary to V in TN :
H|[p,y] := dιy((HP )p).
GEOMETRIC ANALYSIS OF THE YANG–MILLS–HIGGS–DIRAC MODEL 7
Here, ιy : P → N is the map that arises from ι : P ×N → N by restricting to y ∈ N and dιy
its tangent map. The equivariance of ω guarantees that distribution H is well-defined. By
construction we have H|[p,y] ∼= TxM where x = ρ([p, y]) = π(p), namely H ∼= ρ∗TM . More
explicitly, if X˜ is a lift of X ∈ Γ(TM) with horizontal part hor X˜, then the isomorphism
σ : ρ∗TM
∼=−→ H ⊂ TN
is then given by
σ(ρ∗X)|[p,y] = dιy(hor X˜).
Since ρ ◦ ιy = π for all y ∈ N , the short exact sequence (2.1) splits via σ: dρ ◦ σ = Idρ∗TM .
Thus TN = V ⊕H where the projectors on the horizontal and vertical bundles are given by
hor = σ ◦ dρ, ver = (1− σ ◦ dρ).
In particular, the map σ defines a connection on N .
The embeddings ιp : N → N of fibers p ∈ P induce a Riemannian metric h¯ on πV :
h¯|[p,y] := (ι
−1
p )
∗
(h|y), ∀[p, y] ∈ N ,
which is well-defined since µ(G) ⊂ Isom(N, h). Together with the splitting TN = V ⊕ H
from the connection we can define the Kaluza–Klein metric
G (X, Y ) = h¯ (verX, ver Y ) + gρ(horX, horY ), ∀X, Y ∈ Γ(TN ).
Here, gρ is the pull-back metric on H = ρ∗TM obtained from g on TM via ρ. As a
Riemannian manifold, (N ,G ) admits a unique Levi-Civita connection ∇.
With respect to the Kaluza–Klein metric G , the fibration ρ : N → M has totally geodesic
fibres. As a consequence, for vector fields Y and Z on N , the Levi-Civita covariant derivative
of the local vertical vector fields dιp(Y ), dιp(Z) on N is given by
∇dιp(Y ) dιp(Z) = dιp(∇hY Z).
In other words, for vertical vector fields W and V the covariant derivative ∇WV is again
vertical. It follows that also for horizontal vector fields H the field ∇WH is horizontal
and ∇W hor = ∇W ver = 0. Further properties of the Levi-Civita connection ∇ have been
investigated in [5].
2.2. Harmonic sections. Harmonic sections of the associated fiber bundle N are critical
points of an action analogous to the Dirichlet action to be defined in (2.2) below.
Notice that, in general, there are topological obstructions to the existence of sections of
fiber bundles, see [38, Section 29]. For instance, the case of dimension two, which we are
mainly interested in, is unobstructed if the second homotopy group of the fiber vanishes.
Sections which are at least differentiable once can then be turned into smooth sections by
local approximation.
From now on, we assume the existence of a smooth section φ ∈ Γ(N ). The pull back
of (2.1) along φ yields short exact sequence of vector bundles over M :
0 φ∗V φ∗TN TM 0
M
dρ
piM
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The horizontal part of the differential dφ ∈ Γ(T ∗M ⊗ φ∗TN ) is the identity 1TM and hence
has constant length
√
m. The vertical part dVφ ≡ ver dφ ∈ Γ(T ∗M ⊗ φ∗V) encodes the
essential geometric information contained in the griadient of the section. Therefore we
consider the effective Dirichlet energy of the section defined by
(2.2) E(φ; σ) :=
ˆ
M
| dVφ|2g∨⊗G dvolg
where g∨ denotes the dual metric on the cotangent bundle T ∗M . As the decomposition TN =
H⊕ V is orthogonal with respect to G it holdsˆ
M
| dφ|2g∨⊗G dvolg = E(φ; σ) + dim(M) · Vol(M).
The Dirichlet energy functional (2.2) can be defined on the space of W 1,2-sections. Its
critical points are known as harmonic sections, see [42, 43]. The Euler–Lagrange equation
of (2.2), or the equations of motion, is given as follows.
Let φ ∈ Γ(N ) and take a variation (φt) of φ in the space of W 1,2-sections. Thus the
variational field
V =
d
dt
∣∣∣∣
t=0
φt
is vertical. Direct calculation shows that
d
dt
E(φt) =
d
dt
∣∣∣∣∣
t=o
ˆ
M
〈
dVφt(eα), d
Vφt(eα)
〉
dvolg
= − 2
ˆ
M
〈
V,∇φ∗TNeα dVφ(eα) + (divg eα) dVφ(eα)
〉
dvolg
Thus the critical points of (2.2) satisfies the equation
τV(φ) := ver∇φ∗TNeα dVφ(eα) + (divg eα) dVφ(eα) = 0,
where divg(eα) ≡ ∑β 〈∇eβeα, eβ〉. This tensor τV(φ) is called the vertical tension field of the
section φ, and solutions of τV(φ) = 0 are called harmonic sections. Note that τV(φ) coincides
with the tension field τ(φ) if dφ and dVφ coincide. This happens, for example, in the case
of the trivial action on N where N = M ×N and the connection is trivial. Hence harmonic
sections generalize harmonic maps to a gauged setting.
Recall that each section φ ∈ Γ(N ) corresponds uniquely to an equivariant map φ˜ : P → N ,
such that ι ◦
(
IdP , φ˜
)
= φ ◦π. Here G-equivariance means φ˜(Ψa(p)) = µˇa(φ˜(p)) for all a ∈ G
and p ∈ P . The vertical differential of φ is related to this equivariant representative by
dVφ(X) = dιp dφ˜
(
X˜ −Ψ′pω(X˜)
)
= dιp
(
dφ˜(X˜) + dµφ˜(p)ω(X˜)
)
.
In addition, it is shown in [43] that φ is a harmonic section if and only if its corresponding
G-equivariant map φ˜ : P → N is harmonic with respect to the Kaluza–Klein metric GP on P .
The Kaluza–Klein metric on P is given by
GP (X, Y ) = 〈verX, ver Y 〉g + gpi (horX, hor Y )
where 〈·, ·〉 is an ad-invariant scalar product on V P = P × g.
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Analogously to the case without a gauge, the functional (2.2) is diffeomorphism invariant
and in dimension two also conformally invariant. That is, for a diffeomorphism f ∈ Diff(M),
it holds that
E(φ;ω, g) = E(f ∗φ; f ∗ω, f ∗g).
Notice that the section φ ∈ Γ(N ) is pulled back to a section f ∗φ of the fiber bundle f ∗N ,
which is associated to the principal G-bundle f ∗P → M , and the connection ω is also pulled
back to a connection f ∗ω on f ∗P whose local representative is given by the local form f ∗A.
The diffeomorphism invariance formula can then be verified by change of variables.
In the special case where the base manifold is a surface, this energy is invariant under
rescaling of the metric g on M by a positive smooth function λ ∈ C∞(M):
E(φ;ω, g) = E(φ;ω, λ2g).
Both, conformal and diffeomorphism invariance are continuous symmetries and hence imply
conservation laws by Noether’s theorem. Indeed, one can check that the energy-momentum
tensor of is always divergence-free and trace-free in dimension two.
Despite the similarities to harmonic maps, the existence results do not immediately extend
to harmonic sections because of the required equivariance properties. For example, constant
maps are trivially harmonic maps which generalize to the zero sections in the vector bundle
case, but do not directly generalize to the case of bundles with nonlinear fibers. Rather one
would have to consider sections with vanishing vertical differential. However, the existence
of such parallel sections might have topological obstructions.
It is shown in [43] that the theory of the heat flow of harmonic maps can be used in certain
cases to obtain harmonic sections: If the fiber manifold (N, h) has non-positive curvature
and the fiber bundle N allows for a C1-section, then this section can be deformed via heat
flow into a harmonic one. The curvature condition excludes singularities of the flow in the
fiber manifold and hence guarantees the long time existence of the flow. The limit of the
flow is a static solution, that is, a harmonic section. For further exploration of harmonic
section flow and applications, see e.g. [25].
In addition, when m = 2, the model possesses conformal invariance, and one can use the
methods in [11, 14] to obtain harmonic sections in a given homotopy class.
2.2.1. Local expressions. For later use we derive the local expressions for the equations for
harmonic sections. The local representatives of the various geometric quantities will all be
induced from a local section s : U → π−1(U) ⊂ P of the principal bundle P (M,G).
First, this local section s gives rise to a local trivialization of P over the domain of s:
χPU : π
−1(U)→ U ×G, p 7→ (π(p), κ(p))
where κ : π−1(U) → G is the structure group mapping characterized by Ψκ(p)(s(π(p))) = p.
It satisfies κ(s(x)) = e ∈ G, for any x ∈ U , where e denotes the neutral element of G. Then
the local form of ω is given by
A = s∗ω : TU → g,
that is, A is a g-valued one-form on U . Second, s also induces a local trivialization of the
associated fiber bundle N :
χNU : ρ
−1(U)→ U ×N [p, y] 7→
(
ρ([p, y]) = π(p), µκ(p)(y)
)
.
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The local representative of a section φ ∈ Γ(N ) is given by u := pr2 ◦χNU ◦ φ : U → N ,
u(x) = pr2 ◦χNU
(
[s(x), φ˜(s(x))]
)
= µκ(s(x))
(
φ˜(x)
)
= φ˜(s(x)) =
(
s∗φ˜
)
(x).
That is, u = s∗φ˜ : U → N and hence χNU ◦ φ(x) = (x, u(x)) on U . Moreover, the tangent
bundle of N is also locally trivialized:
T
(
ρ−1(U)
) dχNU−−→ TU × TN,
and the vertical differential of φ takes the form
pr2 ◦ dχNU (dVφx(X)) = pr2 ◦ dχNU ◦ dιp
(
dφ˜p(hor X˜)
)
(note that pr2 ◦χNU ◦ ιp(f) = µκ(p)(f))
= dµκ(p)
(
dφ˜p(hor X˜)
)
(then use the G-equivariance)
= dφ˜s(x)
(
dΨκ(p)−1(hor X˜)
)
= dφ˜s(x)
(
hor X˜
)
(G-invariance of horizontal distributions)
Here X˜ is a lifting of X ∈ Γ(TU) to TP . In particular we could take X˜ = s∗X and get
pr2 ◦ dχNU (dVφx(X)) = du(X) + dµu(x)(A(X)) ≡ dAu(X) ∈ Γ(u∗TN).
Furthermore, since ιp : (N, h) → (Nx,G ) = (ρ−1(x),G ) is an isometry for p = s(x) ∈ P , we
have, for a local orthonormal frame (eα) on U and writing e˜α = s∗eα,
| dVφ|2(x) = ∑
α
| du(eα) + dµu(x)(A(eα))|2h =
∑
α
| dAu(eα)|2h(x).
Therefore, locally we are considering the action
E(u;A) =
ˆ
M
| dAu|2g∨⊗h dvolg =
ˆ
M
| du+ dµu(A)|2 dvolg,(2.3)
where g∨ denotes the induced metric on the cotangent bundle. Locally a variation (φt)
of φ0 = φ can be realized as φt(x) = (x, ut(x)) ∈ U × N where ut : U → N is a family of
maps and the variational field is
V =
d
dt
∣∣∣∣
t=0
φt =
d
dt
∣∣∣∣
t=0
(Id, ut) =
(
0,
d
dt
∣∣∣∣
t=0
ut
)
= (0,W ),
where W = d
dt
∣∣∣∣
t=0
ut ∈ Γ(u∗TN). A straightforward calculation shows
d
dt
∣∣∣∣
t=0
E(ut;A) = −2
ˆ
M
〈W, τ(u) + ∂1∂2µ(A(eα), du(eα)) + dµu(div(A))〉dvolg
− 2
ˆ
M
〈W, ∂1∂2µ (A(eα), du(eα)) + ∂1∂2µ(A(eα), dµu(A(eα)))〉dvolg .
Here the term ∂1∂2µ is defined as follows. The differential of the group action µ : G×N → N
is given by dµ : TG × TN → TN over µ. If we restrict it to the identity of G, we obtain
a bundle map g
N
⊕ TN → TN over N , still denoted by dµ, where g
N
denotes the trivial
bundle with fiber g over N . Let now a be a section of the trivial bundle g
N
and W a section
of TN . Then dµ(a,W ) = dµ(a, 0) +W because µ is the identity when restricted to e ∈ G.
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We will sometimes abbreviate dµ(a, 0) as dµ(a) for simplicity, which can also be viewed as
a partial tangent map (with fixed y ∈ N). For later convenience we write
∂1∂2µ(a,W ) ≡ ∇NW dµ(a, 0)− dµ(∇gWa, 0) ∈ Γ(TN).
where ∇gWa is the trivial covariant derivative on the trivial bundle g. With respect to a
basis ǫi of g and a = a
iǫi we have ∇gWa = W (ai)ǫi. Notice that ∂1∂2µ(a,W ) is bilinear in a
and W and can be seen as the off-diagonal part of the Hessian of µ.
Thus the Euler–Lagrange equations for the energy functional in terms of the local repre-
sentative u reads
τ(u) + 2∂1∂2µ(A(eα), du(eα)) + dµu(div(A)) + ∂1∂2µ(A(eα), dµu(A(eα))) = 0.
This is the local form of τV(φ) = 0.
2.3. Coupling with Yang–Mills. In this subsection, we recall some well-known geometric
properties of the Yang–Mills action and study the dependence of the Dirichlet action on the
principal connection.
The curvature of a principal connection ω is the horizontal, equivariant g-valued two-
form F˜ = Dω(ω), satisfying
F˜ = dω +
1
2
[ω, ω], DωF˜ = 0.
Recall that horizontal, ad-equivariant k-forms on P can be reduced to Ad(P )-valued k-forms
on the base manifold M , where Ad(P ) is the adjoint bundle induced by the adjoint action
of G on g i.e. Ad(P ) = P ×Ad g. Equipping the compact Lie group G with a bi-invariant
Riemannian metric 〈·, ·〉, and hence g with an Ad-invariant inner product 〈·, ·〉g, we get a
fiberwise Riemannian structure on Ad(P ), still denoted by 〈·, ·〉 for simplicity.
In particular, the curvature can be identified with a section
F = (eα ∧ eβ)⊗ Fαβ ∈ Γ ((T ∗M ∧ T ∗M)⊗M Ad(P )) ≡ Ω2(Ad(P ))
with norm |F (x)|2 = ∑α,β 〈Fαβ(x), Fαβ(x)〉, where (eα) is a local orthonormal coframe
on (M, g). The Yang–Mills functional is
AYM(ω) =
ˆ
M
|F |2 dvolg .
It is a fundamental point of gauge theory that the Yang–Mills action is invariant under
gauge transformations, that is invariant under vertical automorphisms of the principal bundle.
We denote group of gauge transformations by D . Then for any ϕ ∈ D ,
ϕ∗ω = Adϕ−1(ω), ϕ
∗(F˜ ) = Adϕ−1(F˜ ).
Hence |F |2 is gauge-invariant.
The variation formula forAYM(ω) is standard, see, for example, [33]: The space of principal
connections on P is an affine space A modeled on Ω1(Ad(P )). More explicitly, fix an ω ∈ A,
then any other connection ω˜ can be written as ω˜ = ω + ζ˜ for a unique horizontal, ad-
equivariant form ζ˜ which can be identified with ζ ∈ Ω1(Ad(P )). Let ωt = ω + tζ˜ be a
variation of the connection ω in the direction ζ˜ and denote the corresponding curvature
tensor by Ft ∈ Ω2(Ad(P )). Then
d
dt
∣∣∣∣
t=0
ˆ
M
|Ft|2 dvolg = 2
ˆ
M
〈Dωζ, F 〉 = 2
ˆ
M
〈ζ,D∗ωF 〉dvolg,
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where D∗ω : Ω
2(Ad(P )) → Ω1(Ad(P )) is the adjoint of Dω : Ω1(Ad(P )) → Ω2(Ad(P )) with
respect to the global L2 inner product on Ω∗(Ad(P )).
Using the local section s as before and writing A = s∗ω, the local representative of the
curvature is given by FA = s
∗F˜ which satisfies
FA = dA +
1
2
[A,A], DAFA = dFA + [A,FA] = 0.
Its codifferential is
D∗AFA = d
∗
A(dA +
1
2
[A,A]) = d∗ dA+
1
2
d∗[A,A]−AxdA− 1
2
Ax[A,A].
We will now turn to the dependence of the Dirichlet “energy” E(φ;ω) on the gauge po-
tential ω. The Dirichlet action depends on the connection through the Kaluza–Klein metric
and the vertical differential.
A gauge transformation ϕ ∈ D acts on a section φ ∈ Γ(N ) by
ϕ(φ)(x) = [Ψp(ϕ(π(p))), φ˜(p)] = [p, µϕ(pi(p))−1(φ˜(p))] ≡ [p, (ϕ∗φ˜)(p)].
Moreover, the connection ϕ∗(ω) induces a connection ϕ∗σ on TN , given in the following
way:
ϕ∗σ(Xpi(p)) = dιy
(
horϕ∗ω(X˜p)
)
∈ T[p,y]N .
Thus the transformed vertical differential at x = π(p) is
dVϕ(φ)(Xx) = dιp
(
d(ϕ∗φ˜)p(X˜p) + dµ(ϕ∗φ˜)(p)ϕ
∗ω(X˜p)
)
= dιp
(
dµϕ(x)−1 dφ˜p(X˜p) + dµϕ(x)−1 dµφ˜(p)ω(X˜p)
)
.
Since dιp and dµϕ(x)−1 both are isometries, we see that | dVφ|2(x) = | dVϕ(φ)|2(x) and hence
the energy term of the section is gauge invariant.
To derive the variaton of the | dVφ|2 under a variation of the principal connection we pick
a lift (e˜α) of the g-orthonormal frame (eα) to P and verify
| dVφ|2G (x) = Gφ(x) (ver(dφ(eα(x))), ver(dφ(eα(x)))) =
∑
α
| dφ˜ (hor e˜α(p)) |2h,
where π(p) = x. Hence,
hor e˜α(p) = e˜α −Ψ′p (ω(e˜α(p)))
is the only part depending on the connection ω. Its derivative in the direction of ζ˜ is given
by
d
dt
∣∣∣∣
t=0
hort φ˜(eα(p)) =
d
dt
∣∣∣∣
t=0
(
e˜α −Ψ′p (ωt(e˜α(p)))
)
= Ψ′p
(
ζ˜(e˜α(p))
)
= Ψ′p (ζ(eα(x)))
and hence
d
dt
∣∣∣∣
t=0
| dφ˜ (hort e˜α(p)) |2h = 2
〈
dφ˜
(
Ψ′p (ζ(eα(x)))
)
, dφ˜ (hor e˜α(p))
〉
hφ˜(p)
= 2
〈
dιp dµφ˜(p)(ζ(eα(x))), dιp dφ˜(hor e˜α(p))
〉
Gφ(x)
= 2
〈
dµ¯φ(x)(ζ(eα(x))), d
Vφ(eα(x))
〉
Gφ(x)
,
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where dµ¯φ(x)(ζ(eα)) is defined in the following way. For a point z = [p, y] ∈ N consider the
map
dµ¯z : Ad(P )→ Vz, [p, ζ ] 7→ [p, dµy(ζ)],
where dµy is the differential of the evaluation map µy : G → N and ζ ∈ g. Denoting
by Ad(P )×M N the fiber product of Ad(P ) and N over M , we have a well-defined map
dµ¯ : Ad(P )×M N → V.
over the manifold N . In particular, for a given section φ ∈ Γ(N ), there is an induced map
dµ¯φ : Γ(Ad(P ))→ Γ(φ∗V).
Therefore we have
d
dt
∣∣∣∣
t=0
ˆ
M
| dVφ|2G (x) dvolg = 2
ˆ
M
〈
dµ¯φ(ζ(eα)), d
Vφ(eα)
〉
dvolg
= 2
ˆ
M
〈
ζ, dµ¯∗φ(d
Vφ)
〉
dvolg,
where dµ¯∗φ denotes the formal L
2-adjoint of dµ¯φ in Hom(Ad(P ), φ
∗V).
Locally it is more explicit: variation of (2.3) with respect to the family (At = A+ tζ) gives
d
dt
∣∣∣∣
t=0
E(u;At) = 2
ˆ
M
〈dµu(ζ), dAu〉dvolg ≡ 2
ˆ
M
〈ζ, dµ∗u(dAu)〉dvolg .
2.4. Coupling with Dirac. Next we consider the coupling with the Dirac action. From now
on we assume that the base manifold (M, g) is spin and fix a spin structure. Let S →M be
the associated spinor bundle with the Clifford map γ : TM → End(S) satisfying the Clifford
relation
γ(X)γ(Y ) + γ(Y )γ(X) = −2g(X, Y ), ∀X, Y ∈ Γ(TM).
The Levi-Civita connection of (M, g) can be lifted to a connection on the spin principal
bundle and thus induces a spin connection on S. We denote the corresponding covariant
derivative by ∇s. The spin Dirac operator /∂s = γ(eα)∇seαs is a first-order self-adjoint elliptic
differential operator on S. Without loss of generality we assume that the spinor bundle S is
always equipped with a Spin(m) invariant metric gs. For more about spin geometry we refer
to [23, 18, 13].
It is important to note that the self-adjointness of /∂ depends crucially on the minus sign
in the Clifford relation; compare the discussion in [19]. Without this minus sign, the Dirac
operator would be anti-self-adjoint and the Dirac-term in the action below would vanish.
In the physics literature, the Clifford relation without minus sign is combined with anti-
commuting spinors to to obtain a self-adjoint Dirac operator, see also [22] and references
therein. The idea that anti-commuting variables can be avoided by using the minus sign in
the Clifford relation in the study of actions coupling harmonic maps with spinors goes back
to [8].
Given a C1 section φ ∈ Γ(N ), we consider twisted spinorial fields along φ, that is, sec-
tions ψ ∈ Γ(S ⊗ φ∗V). We still denote by γ : TM → End(S ⊗ φ∗V) the Clifford map
that arises from the Clifford map on S acting on the first factor. The covariant deriva-
tive ∇ on TN can be restricted to a covariant derivative on V by setting ∇V = ver∇.
Thus (S⊗φ∗V,∇S⊗φ∗V , γ, gs⊗φ∗h¯) is a Dirac bundle in the sense of [23]. The corresponding
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twisted Dirac operator /Dψ = γ(eα)∇S⊗φ∗Veα ψ is again an essentially self-adjoint first-order
differential operator.
The Dirac action of interest has the form
AD(ψ;ω, φ) =
ˆ
M
〈
ψ, /Dψ
〉
gs⊗φ∗h¯
dvolg .
2.4.1. Equations of motion. Note that the spinor fields ψ depend on the section φ and hence
φ and ψ cannot be varied independently. Therefore, we use the same method as in [19].
Thus let (φt, ψt) be a variation family of (φ = φ0, ψ = ψ0) for t in a neighborhood of 0. Then
noting that the Dirac operator is self-adjoint and the spinor bundle does not change with t,
we have
d
dt
∣∣∣∣
t=0
ˆ
M
〈
ψt, /D
φt
ψt
〉
dvolg
= 2
ˆ
M
〈
/Dψ,∇S⊗φ∗tV∂t ψt
∣∣∣
t=0
〉
dvolg +
ˆ
M
〈
ψ, γ(eα)R
φ∗tV(∂t, eα)ψ
∣∣∣
t=0
〉
dvolg .
The curvature term is tensorial in the variational field φ∗(∂t) and thus we define RV(φ, ψ) ∈
Γ ((φ∗TN )) by 〈
ψ, γ(eα)R
φ∗tV(∂t, eα)ψ
∣∣∣
t=0
〉
≡
〈
φ∗(∂t),RV(φ, ψ)
〉
.
Therefore the variation formula with respect to (φ, ψ) is
d
dt
∣∣∣∣
t=0
AD(φt, ψt;ω) =
ˆ
M
2
〈
/Dψ,∇S⊗φ∗V∂t ψt
∣∣∣
t=0
〉
+
〈
RV(φ, ψ), φ∗(∂t)
∣∣∣
t=0
〉
dvolg .
2.4.2. Local description. Consider x0 ∈ M , y0 ∈ N and p0 ∈ π−1(x0). Let (xα)α=1,...,m be
normal coordinates with respect to g in an open neighborhood U of x0 ∈M . It is well-known
that we can take a local section s : U → P such that the local representative A = s∗ω of the
connection satisfies A(x0) = 0. Let z
ν be local coordinates on G around e. We denote the
lift of xα and zν to the product U ×G by (x˜α, z˜ν).
Let now (yi)i=1,...,n be normal coordinates around y0 in N with respect to h. The fiber
bundle N is locally around [p0, y0] a fiber product and we denote the lift of the coordinates xα
and yi to this product by (x¯α, y¯i) gives a local coordinate system. By construction, the vector
fields ∂yi are vertical, but the vector fields ∂xα are not necessarily horizontal.
Indeed, noting that x¯α ◦ ιy = x˜α as local functions on P ,
hor
(
∂
∂x¯α
)
=dιy
(
hor
∂
∂x˜α
)
=
∂
∂x¯α
+ dιp ◦ dµy ◦ ω
(
∂
∂x˜α
)
,
ver
(
∂
∂x¯α
)
=− dιp ◦ dµy ◦ ω
(
∂
∂x˜α
)
= − dµ¯z ◦ A
(
∂
∂xα
)
.
Recall the Kaluza–Klein metric on N :
G (X, Y ) = h¯ (verX, ver Y ) + gρ(horX, hor Y ).
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In terms of the local coordinates introduced above, we have
Gαβ = G
(
∂
∂x¯α
,
∂
∂x¯β
)
= g
(
∂
∂xα
,
∂
∂xβ
)
+ h¯
(
ver
(
∂
∂x¯α
)
, ver
(
∂
∂x¯β
))
= gαβ + h¯
(
dµ¯zA
(
∂
∂xα
)
, dµ¯zA
(
∂
∂xβ
))
≡ gαβ + h¯αβ ,
Gij = G
(
∂
∂y¯i
,
∂
∂y¯j
)
= hij,
Gαi = G
(
∂
∂x¯α
,
∂
∂y¯i
)
= h¯
(
ver
(
∂
∂x¯α
)
,
∂
∂y¯i
)
= −h¯
(
dµ¯zA
(
∂
∂xα
)
,
∂
∂y¯i
)
.
Notice that we use Greek indices for coordinates of the base and Latin fiber indices. At the
point [p0, y0],
Gαβ = δαβ , Gij = δij , Gαi = 0,
and all the Christoffel symbols of ∇ vanish at this given point.
Any spinor field ψ along the section φ can be expressed as
ψ = ψi ⊗ φ∗
(
∂
∂y¯i
)
.
The vertical connection acts on such twisted spinors in the following way: for any X ∈
Γ(TM),
∇S⊗φ∗VX ψ = ∇sXψi ⊗ φ∗
(
∂
∂y¯i
)
+ ψi ⊗∇φ∗VX φ∗
(
∂
∂y¯i
)
,
where
∇φ∗VX φ∗
(
∂
∂y¯i
)
= ver φ∗
(
∇dφ(X) ∂
∂y¯i
)
.
Writing dφ(X) = X(φβ)∂x¯β +X(φ
j)∂y¯j and since the fibers are totally geodesic, we have
∇φ∗VX φ∗
(
∂
∂y¯i
)
= ver
(
X(φβ)∇∂
x¯β
∂y¯i +X(φ
j)∇∂
y¯j
∂y¯i
)
= −X(φβ)Γηβi dµ¯φ(x)A
(
∂
∂xη
)
+X(φβ)Γkβi
∂
∂y¯k
+X(φj)Γkji
∂
∂y¯k
.
The associated Dirac operator /D on S ⊗ φ∗V is defined in the canonical way: taking a
local orthonormal basis (eα) on M , for any spinor ψ along the section φ,
/Dψ = γ(eα)∇S⊗φ∗Veα ψ = /∂ψi ⊗ φ∗
(
∂
∂y¯i
)
+ γ(eα)ψ
i ⊗ verφ∗
(
∇dφ(eα)
∂
∂y¯i
)
.
2.4.3. Dependence on the gauge potential. The Dirac action is gauge invariant because the
Lie group G does not act on the pure spinor bundle S while it acts on (N, h) via isometries. A
local argument was suggested already in [15]. Finally we need to consider the variation with
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respect to the gauge potential ω. As before we consider ωt = ω + tζ˜. Note that the Kaluza–
Klein metric G depends on ωt via the Ehresmann connections σt, namely the horizontal and
vertical projections:
Gt(X, Y ) = gρ(hortX, hort Y ) + h¯(vertX, vert Y ),
while the vertical metric h¯ does not. Hence
d
dt
/Dtψ = γ(eα)ψ
i ⊗ d
dt
φ∗
(
∇t,Vφ∗(eα)
∂
∂y¯i
)
.(2.4)
Thus, the problem is reduced to analyze the dependence of ∇V on the connection ω.
Consider the coordinates (x¯α, y¯i) of N around [p0, y0]. For a general t 6= 0, the local
vectors {∂/∂y¯i}1≤i≤n stay orthonormal and vertical, while the vectors {∂/∂x¯α} are in general
neither horizontal nor orthonormal. Hence,
d
dt
∣∣∣∣
t=0
Gij =
d
dt
∣∣∣∣
t=0
h¯ij = 0,
d
dt
∣∣∣∣
t=0
Gαβ = h¯
(
d
dt
∣∣∣∣
t=0
vert(
∂
∂x¯α
), ver(
∂
∂x¯β
)
)
+ h¯
(
ver(
∂
∂x¯α
),
d
dt
∣∣∣∣
t=0
vert(
∂
∂x¯β
)
)
,
d
dt
∣∣∣∣
t=0
Gαi = h¯
(
d
dt
∣∣∣∣
t=0
vert(
∂
∂x¯α
), ver(
∂
∂y¯i
)
)
.
The t-derivative of the vertical parts is given by
d
dt
∣∣∣∣
t=0
vert(
∂
∂x¯α
) =
d
dt
∣∣∣∣
t=0
− dιp dµyωt
(
∂
∂x˜α
)
= − dµ¯z ◦ ζ
(
∂
∂xα
)
.
Substituting this into the above formulas, we get
d
dt
∣∣∣∣
t=0
Gαβ = h¯
(
dµ¯zζ
(
∂
∂xα
)
, dµ¯zA
(
∂
∂xβ
))
+ h¯
(
dµ¯zA
(
∂
∂xα
)
, dµ¯zζ
(
∂
∂xβ
))
= (µ¯∗zh¯)
(
ζ
(
∂
∂xα
)
, A
(
∂
∂xβ
))
+ (µ¯∗zh¯)
(
A
(
∂
∂xα
)
, ζ
(
∂
∂xβ
))
,
d
dt
∣∣∣∣
t=0
Gαi = − h¯
(
dµ¯zζ
(
∂
∂xα
)
,
∂
∂y¯i
)
.
Now we continue to compute (2.4). The points under consideration are φ(x) = [p, y] ∈ N
and y = φ˜(p) ∈ N . Write
φ∗(eα) = φ
β
α
∂
∂x¯β
+ φjα
∂
∂y¯j
,
and denote the Christoffel symbols of G (t) by Γ(t), and At = A+ tζ , then
vert∇G (t)dφ(eα)
∂
∂y¯i
= φβαΓ
η
βi(t) dµ¯φ(x)At
(
∂
∂x¯η
)
+ φβαΓ
k
βi(t)
∂
∂y¯k
+ φjαΓ
k
ji(t)
∂
∂y¯k
.
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Note that d
dt
∣∣∣∣
t=0
Γkji = 0 since the vertical part does not involve the connection, while for Γ
k
βi
at φ(x0) ∈ N ,
d
dt
∣∣∣∣
t=0
Γkβi =
1
2
[
∂
∂y¯i
d
dt
∣∣∣∣
t=0
Gkβ − ∂
∂y¯k
d
dt
∣∣∣∣
t=0
Gβi
]
=
1
2
[
h¯
(
∂1∂2µ¯φ(x)(ζ(
∂
∂xβ
),
∂
∂y¯i
),
∂
∂y¯k
)
− h¯
(
∂1∂2µ¯φ(x)(ζ(
∂
∂xβ
),
∂
∂y¯k
),
∂
∂y¯i
)]
= h¯
(
∂1∂2µ¯φ(x)(ζ(
∂
∂xβ
),
∂
∂y¯i
),
∂
∂y¯k
)
,
where in the last step we used the skew-symmetry of ∂1∂2µ:
〈∂1∂2µ(a, Y ), Z〉h + 〈Y, ∂1∂2µ(a, Z)〉 , ∀a ∈ g, ∀Y, Z ∈ Γ(TN).
We thus get
d
dt
∣∣∣∣
t=0
∇t,Vφ∗(eα)
∂
∂y¯i
= φβαh¯
(
∂1∂2µ¯φ(x)(ζ(
∂
∂xβ
),
∂
∂y¯i
),
∂
∂y¯k
)
∂
∂y¯k
= ∂1∂2µ¯φ(x)
(
ζ(
∂
∂xα
),
∂
∂y¯i
)
≡
〈
ζ, eα ⊗ ∂1∂2µ¯φ(x)
(
∂
∂y¯i
)〉
.
It follows that
d
dt
∣∣∣∣
t=0
/Dtψ = γ(eα)ψ
i ⊗ ∂1∂2µ¯φ(x)
(
ζ(eα),
∂
∂y¯i
)
,
and
d
dt
∣∣∣∣
t=0
〈
ψ, /Dtψ
〉
=
〈
ψj, γ(eα)ψ
i
〉
· h¯
(
∂1∂2µ¯φ(x)(ζ(eα),
∂
∂y¯i
),
∂
∂y¯j
)
≡ 〈ζ,Q(φ, ψ)〉 .
Note that both factors in the middle are antisymmetric in i and j.
2.5. The coupled action. In the remainder of this article we will be concerned with the
model with the action
A(ω, φ, ψ) = AYM(ω) + E(φ;ω) + AD(ψ;ω) =
ˆ
M
|F |2 + | dVφ|2 +
〈
ψ, /Dψ
〉
dvolg .
This Yang–Mills–Higgs–Dirac action might also be considered as a gauged version of Dirac-
harmonic maps. We have already proven that the Yang–Mills–Higgs–Dirac action is gauge
invariant and that its total variation formula has the form
δA =
ˆ
M
〈ζ,D∗ωF 〉 − 2
〈
τV(φ), δφ
〉
+
〈
ζ, dµ¯∗φ(d
Vφ)
〉
+ 2
〈
/Dψ, δψ
〉
+
〈
RV(φ, ψ), δφ
〉
+ 〈ζ,Q(φ, ψ)〉dvolg,
18 JÜRGEN JOST, ENNO KEßLER, RUIJUN WU, AND MIAOMIAO ZHU
where ζ˜ = δω as before. The critical points of the coupled action functional are the solution
of the following Euler–Lagrange equations
D∗ωF + dµ¯
∗
φ(d
Vφ) +Q(φ, ψ) = 0,(2.5)
τV(φ)− 1
2
RV(φ, ψ) = 0,
/Dψ = 0.
This is a coupled system, with the equation for φ and ψ being elliptic. The equation for ω
is actually also (locally) elliptic up to a local gauge, as explained in Section 3 below.
Let us now explain the scaling behaviour of the different terms in the action. For conve-
nience we take U to be the unit disk B1(0) with Euclidean metric and assume the bundles
are trivialized there. For r > 0, denote the dilation
θr : B1(0)→ Br(0), x 7→ rx.
With respect to the Euclidean metrics on both sides, we see that θ∗rg0 = r
2g0.
Lemma 2.1. Consider the trivial bundle Pr = Br(0)×G→ Br(0) with connection form A
and let u : Br(0) → N be a section of the (associated) fiber bundle. Let Ar(x) ≡ rA(rx) be
the connection form on B1(0) for the pullback bundle θ
∗
r(Pr), while ur(x) := θ
∗
ru(x) = u(rx)
and ψr(x) = r
m−1
2 ψ(rx) ∈ Γ(S ⊗ u∗rTN → Br(0)). Thenˆ
B1(0)
|F (Ar)|2 dx = r4−m
ˆ
Br(0)
|F (A)|2 dx,
ˆ
B1(0)
| dAr(θ∗ru)|2 dx = r2−m
ˆ
Br(0)
| dAu|2 dx,
ˆ
B1(0)
〈
/D
urψr, ψr
〉
dx =
ˆ
Br(0)
〈
/Dψ, ψ
〉
dx,
ˆ
B1(0)
|ψr|2 dx = 1
r
ˆ
Br(0)
|ψ|2 dx .
The proof is standard and omitted. This tells us that, for r ∈ (0, 1), the Dirac term
stays rescaling invariant if an additional scaling is taken into account, and the L2 norm of
the spinor field behaves abnormally (for this reason in our analysis we usually turn the mass
term off, namely setting κ = 0). We also see that the dimension two is already critical for the
action, due to the presence of the Dirichlet type Higgs potential and the nonlinearity of the
fibers. This is in great contrast to the Yang–Mills–Higgs theory where the associated bundles
are vector bundles. In the remainder of the article we will investigate the regularity of weak
solutions and their blow-up behaviour in the lowest critical dimension, that is, dimension
two.
While we focus for simplicity on the Yang–Mills–Higgs–Dirac action, several extensions
have been considered in the literature:
• Instead of AD one might consider a massive Dirac action given byˆ
M
〈
ψ, /Dψ
〉
− κ|ψ|2 dvolg,
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see, for example, [27]. Here the parameter κ ∈ R is interpreted as the mass of the
spinors in physics. In this case, the Dirac equation is /Dψ = κψ. However, the mass
term behaves badly under scaling (see Lemma 2.1) and is dropped in our analysis.
• In addition to the Yang–Mills–Higgs–Dirac action one might consider a curvature
term for the twisted spinor ψ = ψi ⊗ φ∗∂yi :
1
6
ˆ
M
gs(ψ
i, ψk)gs(ψ
j, ψl)G (RN (∂yi , ∂yj )∂yk , ∂yl) dvolg .
The derivation of the additional terms in the equations of motion is straightforward,
compare also [6].
• Often for applications in physics, an additional potential term is needed. The func-
tional takes the form
AV (ω, φ, ψ) =
ˆ
M
|F (ω)|2 + | dVφ|2 + V (φ) +
〈
ψ, /Dψ
〉
dvolg,
where V : N → R stands for a G-invariant function, known as a potential. For
example, when the fiber is a vector space a polynomial potential is usually used and
when the fiber is symplectic, the momentum map is used, see e.g. [28, 12, 40, 29, 36,
37, 1]. We do not include this potential term since it does not affect our analysis too
much in dimension two, as long as the integrability of the potential is guaranteed
and certain abstract growth conditions are posed. More generally the potential term
could also depend on the spinorial field, and it is then helpful to obtain minimax
solutions, see [16, 17, 44].
• Instead of the Levi-Civita connection∇ onN one might consider more general metric
connection, allowing for torsion, compare also [7].
• In [9, Chapter 6], a fully supersymmetric variant of the Yang–Mills–Higgs–Dirac
action is given, which has motivated our study here. The fully supersymmetric
theory requires an additional twisted spinor λ ∈ Γ(S∗ ⊗ adP ) as a superpartner
of the connection. The action for λ is also the Dirac action together with lower
order terms coupling to φ and ψ. In case the equation for the additional spinorial
field is subcritical, the analysis could be carried out by extending the methods here.
Notice, however, that we cannot expect full supersymmetry in our model, even when
extended by λ. The reason is that supersymmetry requires anti-commuting variables
which we are avoiding for the sake of analysis.
3. Regularity of weak solutions
In the remaining sections we focus on the case of lowest critical dimension, that is, we
consider a closed Riemann surface M as domain.. In this section, we show regularity of
critical points up to a gauge transformation.
In case of domain-dimension two, the Yang–Mills–Higgs–Dirac action is naturally defined
on the space
Dom(A) :=
{
(ω, φ, ψ) | ω ∈ A1,2, φ ∈W 1,2(Γ(N )), ψ ∈W 1, 43 (Γ(S ⊗ φ∗V))
}
.
Definition 3.1. A triple (ω, φ, ψ) ∈ Dom(A) is called a weak solution of the system (2.5)
if it satisfies the system (2.5) in the sense of distributions. More precisely, for any smooth
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triple (ζ, V, η) with ζ ∈ Γ(Ad(P )), V ∈ Γ(φ∗V), and η ∈ Γ(S ⊗ φ∗V), it holds that
ˆ
M
〈Dζ, F (ω)〉+ 2
〈
∇φ∗Veα V, dVφ(eα)
〉
+
〈
dµ¯(ζ), dVφ
〉
dvolg
+
ˆ
M
2
〈
ψ, /D
φ
η
〉
+
〈
ψ, γ(eα)R
φ∗V(V, dVφ(eα))ψ
〉
dvolg
+
ˆ
M
〈
ψi, γ(eα)ψ
j
〉 〈
∂1∂2µ¯
(
ζ(eα), ∂yi
)
, ∂yj
〉
dvolg = 0.
The aim of this section is to prove the following
Theorem 3.2. Let (M, g) be a closed Riemann surface. Let (ω, φ, ψ) be a weak solution
of (2.5). Then there is a gauge transformation ϕ ∈ D2,2 such that (ϕ∗ω, ϕ∗(φ), ϕ∗(ψ)) is
smooth.
Here, the gauge transformation is needed because the Euler–Lagrange equation for the
connection fails to be elliptic. However, thanks to a result by K. Uhlenbeck[39], we can
choose a gauge transformation making the equation locally elliptic. Indeed, let Ak,p be the
space ofW k,p-connections, and Dk+1,p the space ofW k+1,p gauges. Then we know that Dk+1,p
acts on Ak,p.
Proposition 3.3 ([39, Lemma 1.2]). Let (k + 1)p > m = dimM . Then
(1) The gauge group Dk+1,p is a smooth Lie group.
(2) The induced map
D
k+1,p × Ak,p → Ak,p, (ϕ, ω) 7→ ϕ∗ω
is smooth.
(3) If ω and ϕ∗ω both are in Ak,p, then the gauge transformation ϕ has regularity W k+1,p,
i.e. ϕ ∈ Dk+1,p.
Theorem 3.4 ([39, Theorem 2.1], [41, Theorem 6.1]). Let p ∈ (m
2
, m] and G be compact.
Consider a connection ω on the bundle B1(0) × G with local representative A˜. Then there
exist κ = κ(m) > 0 and c = c(m) > 0 such that if ‖F (A˜)‖Lm/2(B1) ≤ κ, then A˜ is gauge
equivalent to a local connection form A such that
(1) d∗A = 0;
(2) (x · A) = 0 on ∂B1(0);
(3) ‖A‖W 1,m/2 ≤ c(m)‖F (A˜)‖Lm/2;
(4) ‖A‖W 1,p ≤ c(m)‖F (A˜)‖Lp.
The gauge transformation in the above theorem is usually referred to as a Coulomb gauge.
We remark that in [39] the theorem was stated with p ∈ (m
2
, m), while it actually works
for p ≥ m
2
, see [41, Chapter 6].
The strategy to prove 3.2 is similar to the one for harmonic maps, but in addition, we
need to glue the local gauges together to get a good Coulomb global gauge. Note that m = 2
is a subcritical dimension for the Yang–Mills part, thus we can easily improve the regularity
for the connection, at least locally.
Proof of Theorem 3.2. We first deal with the local regularity in a suitable gauge and then
glue the local gauge to obtain the global smoothness.
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Step 1. Local regularity. Let us take a local geodesic ball, say B1(0) since by rescaling
we could always assume it is a unit ball, on which the fiber bundle is trivialized: N|B1(0) ∼=
B1(0)×N . Embed N isometrically into some Euclidean space RK , with second fundamental
form II. In terms of the local representatives, dVφ is represented by
dAu = du+ dµu(A) ∈ Γ(T ∗M ⊗ u∗TN → B1(0)).
The spinor along the section φ is now locally a spinor along the map u : B1(0) → N , and
with respect to a local (normal) coordinate system (yi) the spinorial field takes the form
ψ = ψi ⊗ u∗
(
∂yi
)
∈ Γ(S ⊗ u∗TN).
A basis for g is denoted by (ǫa), 1 ≤ a ≤ dimG, with dual basis ǫa. Then (A, u, ψ) satisfies
the equations in (2.5) weakly on B1(0):
d∗ dA = − 1
2
d∗[A,A] + AxdA+
1
2
Ax[A,A]− (dµu)t (du+ dµu(A))
−
〈
ψj, γ(eα)ψ
i
〉 〈
∂1∂2µ¯(ǫa, ∂yi), ∂yj
〉
ǫa ⊗ eα,
∆u = Tr II(u)(du, du)− 2Tr ∂1∂2µ(A, du)− dµu(divA)− Tr ∂1∂2µu (A, dµ(A))
+
1
2
〈
ψi, γ(eα)ψ
j
〉 〈
∂yi , R
(
∂yk , du(eα) + dµu(A(eα))
)
∂yj
〉
hkl(u)u∗(∂yl),
/∂ψi =
{
−Γηαk(u)(dµuA(∂xη))i + Γiαk(u) + Γijk(u)ujα
}
γ(eα)ψ
k
Thanks to Theorem 3.4, by applying a Coulomb gauge if necessary, we may assume from the
beginning that the local trivialization is chosen such that d∗A = 0. Therefore, the left hand
side of the equation for A can be rewritten as
d∗ dA+ dd∗A = −∆A
and the system now is elliptic of mixed orders. One key observation is that after such a local
gauge transformation, the equation for A becomes elliptic and subcritical, which allows us
to improve the regularity of weak solutions. We sketch it here for completeness.
From the equation for A and the regularity assumptions on the weak solutions, by Sobolev
embedding we see that
∆A ∈ Lp(B1)
for any 1 ≤ p < 2. This implies that A ∈ W 2,ploc (B1(0)) for any p ∈ [1, 2). In particular, A ∈
W 1,qloc (B1(0)) for any q ∈ [1,+∞).
Then we turn to the spinor field ψ. Applying [19, Lemma 6.1] to this equation we get
that ψ ∈ Lploc(B1(0)) for any p ∈ [1,+∞). Then the regularity theory for the Dirac operator /∂
implies ψ ∈W 1,2loc (B1(0)).
Finally we turn to the equation for u. It is well-known that the equation can be rewritten
in the form
−∆u = Ω · ∇u+ f
where f = f(A,ψ, u) ∈ Lploc(B1(0)) for any p ∈ [1, 2). Thanks to the regularity theory
developed in [30, 32, 31, 35], we conclude that u ∈W 2,ploc (B1(0)) for any p ∈ [1, 2).
Now the situation is subcritical for all the fields, and a bootstrap argument then implies
that they are actually in C∞(B1/2(0)).
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Step 2. Gluing. Now we suppose that there is a finite open cover {Uα}1≤α≤l such that
each Uα is a geodesic ball, and on each Uα there exists a Coulomb gauge ϕα such that the
triple (ϕ∗αω, ϕ
∗
αφ, ϕ
∗
αψ) is smooth on Uα.
Now, on Uα ∩ Uβ, the two connection ϕ∗αω and ϕ∗βω are both smooth. Therefore by
Proposition 3.3 the gauge ϕ−1α ◦ ϕβ is smooth. Moreover, by precomposing with a smooth
gauge if necessary, we may assume that both ϕα and ϕβ are close to e ∈ G, hence we could
glue them together to obtain a gauge ϕαβ on Uα∪Uβ such that (ϕ∗αβω, ϕ∗αβφ, ϕ∗αβψ) is smooth
throughout Uα ∪ Uβ . The detailed constructions can be found, for example, in [39] or [36].
Since there are only finitely many open sets in the cover, we obtain a global gauge ϕ ∈ D2,2
such that (ϕ∗ω, ϕ∗(φ), ϕ∗(ψ)) is smooth. 
4. Small energy regularity
Recall that small energy regularity for harmonic maps bounds the W 2,2-norm of the map
by its Dirichlet energy on a slightly smaller domain. This is a key estimate for establishing the
energy identities, see e.g. [34]. In this section we show small energy regularity for the Yang–
Mills–Higgs–Dirac model in preparation for the blow-up analysis in the following Section 5
Since the Dirac action may be negative, which makes the action functional non-coercive,
we have to use here another energy of the spinorial fields. More precisely, we introduce the
following energies for the three fields in our model: for an open subset U ⊂M
AYM(ω;U) =
ˆ
U
|F (ω)|2 dvolg, E(φ;U) =
ˆ
U
| dVφ|2 dvolg, E(ψ;U) =
ˆ
U
|ψ|4 dvolg .
When U = M , we will omit the domain if there is no confusion. The basic principle is
that, if these “energies” are small enough on U , then the fields are as regular as one expects,
with uniform estimates of their higher derivatives by these energies. Due to the conformal
invariance/covariance in dimension two, it is reasonable to have the smallness assumptions
on small domains. Thus we can restrict the model to a small disk where the bundles are
trivialized. For simplicity of notation we may assume that the local metric is Euclidean.
Let B be a Euclidean disk and consider the trivialized bundle P = B×G with connection ω.
The associated bundle is N = B ×N , and the section is locally given by a map u : B → N .
The induced covariant derivative is as before given by
(4.1) dAu = du+ dσu(A).
As a local map, the Dirichlet energy of u is
E(u;B) =
ˆ
B
| du|2 dx .
By (4.1), and up to a gauge if necessary, we have∣∣∣‖ du‖L2(B) − ‖ dAu‖L2(B)∣∣∣ ≤ C‖A‖L2(B) ≤ CAYM(A;B).
Thus, locally, we may not distinguish the classical Dirichlet energy of u with its vertical
energy as a local section.
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For later convenience, let us consider the approximating (local) system:
d∗ dA = − 1
2
d∗[A,A] + AxdA +
1
2
Ax[A,A]− (dµu)t (du+ dµu(A))
−
〈
ψj , γ(eα)ψ
i
〉 〈
∂1∂2µ¯(ǫa, ∂yi), ∂yj
〉
ǫa ⊗ eα + χ1,
∆u = Tr II(u)(du, du)− 2Tr ∂1∂2µ(A, du)− dµu(divA)− Tr ∂1∂2µu (A, dµ(A))
+
1
2
〈
ψi, γ(eα)ψ
j
〉 〈
∂yi , R
(
∂yk , du(eα) + dµu(A(eα))
)
∂yj
〉
hkl(u)u∗(∂yl) + χ2,
/∂ψi = −
{
−Γηαk(u)(dµuA(∂xη))i + Γiαk(u) + Γijk(u)ujα
}
γ(eα)ψ
k + χi3,
(4.2)
with χ1, χ2, χ3 being vector valued error terms such that
‖χ1‖2L2(B) + ‖χ2‖2L2(B) + ‖χ3‖4L4(B) ≤ C < +∞.
Proposition 4.1. Let (A, u, ψ) be a C2 solution of (4.2) on B. There exists an ε0 > 0 s.t.
if
AYM(A;B) ≤ ε0,
then for any open disk B′ ⋐ B, there exists C = C(B,B′) > 0 such that
‖A‖W 2,2(B′) ≤C (AYM(A;B) + E(u;B) + E(ψ;B)) + C‖χ1‖2L2(B).
Proof. By shifting the origin of the ambient space RK , into which N is isometrically embed-
ded, we may assume that the mean value u¯ vanishes. Let B = U1 ⋑ U2 ⋑ B
′. Let ǫ0 < κ(2) so
that we can apply a Coulomb gauge and assume that the statement in Theorem 3.4 holds. In
particular d∗A = 0 and hence the system is elliptic. Moreover, ‖A‖2W 1,2(B) ≤ C ·AYM(A;B).
Let η ∈ C∞0 (B) be a local cutoff function with η ≡ 1 on U2. Note that
d∗ (η[A,A]) = η d∗[A,A]− dηy[A,A].
The localized equation for A then reads
∆(ηA) = (∆η)A+ 2∇η · ∇A + 1
2
d∗[ηA,A]− 1
2
dηy[A,A]− ηAy[A,A]
+ (dµu)
t d(ηu)− (dµu)t(u dη) + (dµu)t(dµu)(ηA)
+
〈
ηψj, γ(eα)ψ
i
〉 〈
∂1∂2µ¯(ǫa, ∂yi), ∂yj
〉
ǫa ⊗ eα − ηχ1.
Since supp(η) ⋐ B, hence by Sobolev embedding, for any p <∞,
‖A|supp η‖Lp ≤ C‖A‖W 1,2(B).
Then we can estimate,
‖∆(ηA)‖L2(B) ≤C(η)‖A‖L2(B) + C(η)‖ dA‖L2(B)
+ C‖∇(ηA)‖L4‖A‖L4(supp η) + C‖ηA‖L∞(B)‖∇A‖L2(supp η)
+ C(η)‖A‖2L4(B) + ‖ηA‖L∞(supp η)‖A‖2L4(supp η)
+ C(µ,N)
(
‖ d(ηu)‖L2(B) + C(η)‖u‖L2(B) + ‖A‖L2(B)
)
+ C(µ)‖ψ‖2L4(supp η) + ‖χ1‖L2(B).
By Sobolev embedding and the smallness assumptions on the energies, we can get
(4.3) ‖A‖W 2,2(U2) ≤ C‖ηA‖W 2,2(B) ≤ C
(
‖ dA‖L2(B) + ‖∇u‖L2(B) + ‖ψ‖2L4(B) + ‖χ1‖L2(B)
)
,
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where C = C(µ,N, η) > 0. Since N and µ are fixed, hence universal, and since the depen-
dence on η is actually a dependence on the relative position of B = U1 and U2 ⊃ B′, we
have C = C(B,B′). 
In a similar way one can obtain the small energy regularity for the other two fields. We
omit the details; one could refer to e.g. [21].
Proposition 4.2. Let (A, u, ψ) be a C2 solution of (4.2) on B. There exists an ε0 > 0 s.t.
if
max{AYM(A;B), E(u;B), E(ψ;B)} ≤ ε0,
then for any open disk B′ ⋐ B, there exists C = C(B,B′) > 0 such that
‖u− u¯‖2W 2,2(B′) + ‖ψ‖2W 1,4(B′) + ‖A‖W 2,2(B′) ≤C (AYM(A;B) + E(u;B) + E(ψ;B))
+ C
(
‖χ1‖2L2(B) + ‖χ2‖2L2(B) + ‖χ3‖4L4(B)
)
.
Here u¯ is the mean value of u over B.
By the Sobolev embedding W 2,2(R2) ⊂ Cβloc(R2), we get the following control on the
oscillation of the section u.
Corollary 4.3. Under the assumption of Proposition 4.2, the oscillation of u is bounded by
OscB′ u ≤ C (AYM(A;B) + E(u;B) + E(ψ;B)) + C
(
‖χ1‖2L2(B) + ‖χ2‖2L2(B) + ‖χ3‖4L4(B)
)
.
If we can control the higher order derivatives of the error terms, then we can also control
the higher order derivatives of the three fields under consideration. In that case in the interior
of the disk B the solutions with small energies are smoothly bounded.
5. Blow-up analysis
In this section we investigate the compactness of the space of critical points of the Yang–
Mills–Higgs–Dirac action functional. As for Dirac-harmonic maps the coupled action does
not satisfy the Palais–Smale condition for at least two reasons: the maps part can form
bubbles and the Dirac operator is non-definite. In order to circumvent the second issue, we
bound the L4-norm or energy of the spinors together with the Dirichlet and Yang–Mills action.
Then we can establish that any sequence of approximating solutions contains a subsequence
converging to a solution with possibly some bubbles. The bubbles are particularly simple
because the principal bundle and connection on them are trivial.
Let (ωk, φk, ψk) be a sequence in the space A
1,2×W 1,2(Γ(N ))×W 1, 43 (Γ(S⊗φ∗V)). We say
that (ωk, φk, ψk) is a sequence of approximating solutions to the Euler–Lagrange system (2.5)
if there are ak ∈ L2(Γ(Ad(P ))), bk ∈ L2(Γ(φ∗nV)), and ck ∈ L4(Γ(S ⊗ φ∗nV)) such that
max(‖ak‖L2, ‖bk‖L2 , ‖ck‖L4)→ 0 as k →∞
and
D∗ωkF (ωk) + dµ¯
∗
φk
(dVφk) +Q(φk, ψk) = ak,
τV(φk)− 1
2
RV(φk, ψk) = bk,
/Dψk = ck.
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Theorem 5.1. Let (ωk, φk, ψk) be a sequence of approximating solutions to the Euler–Lagrange
system (2.5) with uniformly bounded energies. Then up to extraction of a subsequence the
sequence of approximating solutions converges weakly to a smooth solution (ω∞, φ∞, ψ∞)
of (2.5).
Furthermore, there is a finite set S1 = {x1, . . . , xI} ⊂ M such that the convergence is
strong on any compact subset of M \ S1. For each xi ∈ S1 there exists a finite collection of
Dirac-harmonic spheres (σli, ξ
l
i) from S
2 into N for 1 ≤ l ≤ Li < ∞, such that the energy
identities
lim
k→∞
AYM(ωk) = AYM(ω∞),
lim
k→∞
E(φk) = E(φ∞) +
I∑
i=1
Li∑
l=1
E(σli),
lim
k→∞
E(ψk) = E(ψ∞) +
I∑
i=1
Li∑
l=1
E(ξli),
and the no-neck property hold, that is, φ∞(M) ∪
(
∪i,lσli(S2)
)
is connected. The principal
bundle and connection on the bubbles (σli, ξ
l
i) are trivial.
The proof of Theorem 5.1 proceeds in several steps. First we show that the Yang–Mills
action does not concentrate in any point because two is a subcritical dimension. Hence up
to selection of a subsequence the connections converge strongly. Consequently, no connec-
tion term appears in the bubbles; the bubbles are conformally invariant and the limits are
solutions on spheres. The points of energy concentration of the spinor are a subset of the
concentration points of the map. Convergence away from the concentration points follows by
the small energy regularity 4.2. In a last step it is necessary to consider the bubble formation
by rescaling into an individual concentration point.
5.1. Proof of Theorem 5.1. For the sequence (ωk, φk, ψk) of approximating solutions we
define the following concentration sets
S1 :=
⋂
r>0
{
x ∈M | lim inf
k→∞
ˆ
Br(x)
| dVφk|2 dvolg ≥ ε0
}
,
S2 :=
⋂
r>0
{
x ∈M | lim inf
k→∞
ˆ
Br(x)
|ψk|4 dvolg ≥ ε0
}
,
S3 :=
⋂
r>0
{
x ∈M | lim inf
k→∞
ˆ
Br(x)
|F (ωk)|2 dvolg ≥ ε0
}
.
As the energies are assumed to be uniformly bounded, each of the concentration sets consists
of at most finitely many points or is possibly empty.
Lemma 5.2. S3 = ∅.
Proof. Suppose that there exists an x ∈ S3. By passing to a subsequence we may assume
that
(5.1) lim
rց0
lim
k→∞
ˆ
Br(x)
|F (ωk)|2 dvolg = α(x) ≥ ε0.
26 JÜRGEN JOST, ENNO KEßLER, RUIJUN WU, AND MIAOMIAO ZHU
Choose 0 < r ≪ 1 so small that 2r2α(x) < ε0 andˆ
Br(x)
|F (ωk)|2 dvolg ≤ 2α(x).
Then, by rescaling via the map θr : B1(0) → Br(x) as in Lemma 2.1 we see that on B1(0)
the rescaled connections (ωk)r satisfyˆ
Br(0)
|F ((ωk)r)|2 dx < ε0.
Then the estimate (4.3) implies that, up to subsequences, (ωk)r converges strongly on B1(0)
in W 1,2, say to ω∞ ∈W 2,2(B1(0)). Scaling it back, we see that ωk converges strongly in W 1,2
to (ω∞)1/r on Br(x), hence
lim
rց0
lim
k→∞
ˆ
Br(x)
|F (ωk)|2 dvolg = lim
rց0
ˆ
Br(0)
|F ((ω∞)1/r)|2 dvolg = 0,
which contradicts the concentration inequality (5.1). 
From Lemma 5.2 we see that the concentration set S1 for the sections can be equivalently
characterized by
S1 =
{
x ∈M | lim inf
k→∞
ˆ
Br(x)
| duk|2 dvol ≥ ε0
}
,
since u has bounded values and the Ak part does not concentrate.
Lemma 5.3. S2 ⊂ S1.
Proof. Consider the local Dirac equation
/∂ψik =
{
Γηαl(uk)(dµukAk(∂xη))
i − Γiαl(uk)− Γijl(uk)(uk)jα
}
γ(eα)ψ
l
k + χ
i
3k,
where ck is locally represented by χ3k. Taking a cutoff function η as before, we can localize
the above equation as
/∂(ηψik) =
{
Γηαl(uk)(dµuk(ηAk)(∂xη))
i − ηΓiαl(uk)− Γijl(uk)(ηuk)jα + Γijl(uk)ujk∇αη
}
γ(eα)ψ
l
k
+ γ(∇η)ψik + χi3k.
Then for any 4
3
< q < 2,
‖/∂(ηψk)‖Lq(Br(x)) ≤C
(
‖Ak‖L2(Br(x)) + ‖ du‖L2(Br(x))
)
‖ηψ‖
L
2q
2−q (Br(x))
+ ‖ηψk‖Lq(Br(x)) + ‖χ3k‖Lq(Br(x)).
If there was a point x ∈ S1 \ S2, then by taking r small, we may assume that
2C
(
‖Ak‖L2(Br(x)) + ‖ du‖L2(Br(x))
)
‖ηψ‖
L
2q
2−q (Br(x))
< C−1q
with Cq being the Sobolev constant such that
‖ηψk‖W 1,q(Br(x)) ≤ Cq‖/∂(ηψk)‖Lq(Br(x)).
Then, shrinking r a little, we could control the W 1,q norm of ψk uniformly
‖ψk‖W 1,q(Br(x)) ≤ C
(
‖ψk‖L4(Br(x)) + ‖χ3k‖L4(Br(x))
)
.
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Since the Sobolev embedding W 1,q →֒ L4 is compact in dimension two, it follows that, up
to subsequences, (ψk) converges strongly in L
4(Br(x)) for r small. This contradicts the
concentration assumption. 
The small energy regularity, Proposition 4.2, directly implies:
Corollary 5.4. On M \S1, up to subsequences, the sequence (ωk, φk, ψk) converges strongly.
It remains to analyze the convergence near the finite set S1 ≡ {x1, x2, . . . , xI}. Note that,
the weak limit (ω∞, φ∞, ψ∞), being itself a weak solution, is smooth by Theorem 3.2.
As the blow-up procedure is purely local, we can restrict to a sufficiently small disk Bδi(xi)
with fixed trivializations of the bundles. Choose δi > 0 small, 1 ≤ i ≤ I, such that the
balls Bδi(xi) are disjoint. By passing to a subsequence we may assume that
lim
δiց0
lim
k→∞
ˆ
Bδi (xi)
| dVφk|2 dvolg = α(xi) ≥ ε0.
For simplicity of notation, we will assume that the Riemannian metric g on such a disk is
Euclidean, while in the general case the metric may differ from the Euclidean metric by a
small term if we employ geodesic normal coordinates. The following proposition then implies
Theorem 5.1
Proposition 5.5. Let Ak ∈ A1,2, uk ∈ W 1,2(Bδ(0), N ⊂ RK), and ψk ∈ W 1, 43 (Bδ(0), S ⊗
u∗nR
K) be a sequence of solutions on the disk Bδ(0) of the system (4.2), with uniformly
bounded energies
E(Ak, uk, ψk;Bδ(0)) =
ˆ
Bδ(0)
|FAk |2 + | dAkuk|2 + |ψk|4 dx ≤ Λ <∞,
and the error term going to zero in norms
‖χ1k‖2L2 + ‖χ2k‖2L2 + ‖χ3k‖4L4 ≡ ρk → 0.
Assume that they converge to (A∞, u∞, ψ∞) in W
1,2
loc ×W 1,2loc ×W 1,
4
3
loc (Bδ(0) \ {0}). Moreover
assume 0 ∈ S1, i.e. for any r > 0,
lim inf
k→∞
ˆ
Br(0)
| dAkuk|2 dx ≥ ε0.
Then there exists a positive integer I ∈ N such that for each 1 ≤ i ≤ I, there exist a sequence
of points (xik)→ 0 and a sequence of small numbers λik ց 0 such that
(1) for any i 6= j,
λjk
λjk
+
λjk
λik
+
|xin − xjn|
λik + λ
j
k
=∞;
(2) for each i, the rescaled sequence
Aˆik(x) := λ
i
kAk(x
i
k + λ
i
kx), uˆ
i
k(x) := u(x
i
k + λ
i
kx), ψˆ
i
k(x) :=
√
λikψk(x
i
k + λ
i
kx),
converges to (0, σi, ξi)in W 1,2loc ×W 1,2loc ×W 1,
4
3
loc (R
2), where (σi, ξi) extends to a Dirac-
harmonic sphere; moreover, if 0 /∈ S2, then ξi ≡ 0 and σi defines a harmonic sphere;
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(3) the energy identities hold:
lim
k→∞
AYM(Ak;Bδ(0)) = AYM(A∞, Bδ(0)),
lim
k→∞
E(uk;Bδ(0)) = E(u∞;Bδ(0)) +
I∑
i=1
E(σi; S2),
lim
k→∞
E(ψk;Bδ(0)) = E(ψ∞;Bδ(0)) +
I∑
i=1
E(ξi; S2);
(4) there is no neck between bubbles, i.e. the set u∞(Bδ(0))∪ (∪1≤i≤Iσi(S2)) is connected.
Proof. By passing to a subsequence if necessary, we assume that Ak converges to A∞ in W
1,2
strongly, and (uk, ψk) converge to (u∞, ψ∞) weakly in W
1,2 × W 1, 43 (Bδ(0)) and strongly
in W 1,2loc ×W 1,
4
3
loc (Bδ(0) \ {0}), with
lim
k→∞
ˆ
Br(0)
| duk|2 dx ≥ ε0.
The energy identity for the connections now follows.
Let us construct and analyze the rescaling. Without loss of generality we consider the case
that I = 1, i.e., there is only one bubble after rescaling, since there is a standard procedure
to reduce the general situation to this case, see e.g. [10]. Then we can drop the shoulder
indices.
For each k, we choose λk > 0 such that
sup
x∈Bδ(0)
E(uk, ψk;Bλk(x)) =
ε0
4
and then choose xk ∈ Bδ(0) such that
E(uk, ψk;Bλk(xk)) = sup
x∈Bδ(0)
E(uk, ψk;Bλk(x)) =
ε0
4
.
By our assumption that the sequence converges strongly away from the origin, we conclude
that |xk| → 0 and λk ց 0. The rescaled sequences are
Aˆk(x) := λkAk(xk + λkx), uˆk(x) := u(xk + λkx), ψˆk(x) :=
√
λkψk(xk + λkx),
which are defined on the ball Bδ/2λk(0) ր R2 as k → ∞. From Lemma 2.1, for an arbi-
trary R > 1,
AYM(Aˆk, BR(0)) = (λk)
2AYM(Ak;BλkR(xk)) ≤ (λk)2Λ→ 0.
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It follows that, up to Coulomb gauges, Aˆk → 0 in W 1,p(Bρ(x)) for any Bρ(0) ⊂ R2 and
any 1 < p <∞. Meanwhile (uˆk, ψˆk) satisfies the system
∆uˆk = Tr II(uˆk)(duˆk, duˆk) +
1
2
〈
ψˆik, γ(eα)ψˆ
j
k
〉 〈
∂yi , R (∂yq , duˆk(eα)) ∂yj
〉
hql(uˆk)uˆ
∗
k(∂yl)(5.2)
− 2Tr ∂1∂2µ(Aˆk, duˆk)− dµuˆk(div Aˆk)− Tr ∂1∂2µuˆk
(
Aˆk, dµuˆk(Aˆk)
)
+
1
2
〈
ψˆik, γ(eα)ψˆ
j
k
〉 〈
∂yi , R
(
∂yq , dµuˆk(Aˆk(eα))
)
∂yj
〉
hql(uˆk)uˆ
∗
k(∂yl) + χˆ2,
/∂ψˆik = Γ
i
jl(uˆk)(uˆk)
j
αγ(eα)ψˆ
l
k
+
{
−Γηαl(uˆk)
(
dµuˆkAˆk(∂xη)
)i
+ Γiαl(uˆk)
}
γ(eα)ψˆ
l
k + χˆ
i
3,
and their energies are bounded on both sides:
E(uˆk, ψˆk;B1(0)) = E(uk, ψk;Bλk(xk)) =
ε0
4
,
E(uˆk, ψˆk;BR(0)) = E(uk, ψk;BλkR(xk)) ≤ Λ <∞.
The system (5.2) shows that (uk, ψk) can be seen as a sequence of approximating solutions
to the equations of Dirac-harmonic maps, see [20]. The error terms for the sections uk are
in L2 and the error terms for the spinors ψk are in L
4, going to zero uniformly and scaling
in the right way. Consequently, we can use the conclusion from [20] giving the convergence,
bubbles, energy identities and no-neck statement. Note that if 0 /∈ S2, then the spinor fields
will not blow up there and in the limit the ξi’s are vanishing, hence the bubbles are only σi’s,
which are obviously harmonic spheres.
The proof of item (1) is hidden in the reduction process on the number of bubbles. When
blowing up, the rescaling parameter separates the concentration points; details can be found
in e.g. [26]; This finishes the proof. 
This also completes the proof of Theorem 5.1.
5.2. Concluding Remarks.
Remark 5.6. As in [20], the proof of the blow-up actually gives
lim
k→∞
ˆ
Bδ(0)
|∇ψk| 43 dx =
ˆ
Bδ(0)
|∇ψ∞| 43 dx+
I∑
i=1
ˆ
S2
|∇ξi| 43 dvol .
Therefore we can get the global convergence of the action: in the notation of Theorem 5.1,
denoting ωli ≡ 0, so for each i and l, the bundles are all trivial, and
lim
k→∞
A(ωk, φk, ψk) = A(ω∞, φ∞, ψ∞) +
I∑
i=1
Li∑
l=1
A(ωli, σli, ξli).
As a corollary, if the fiber manifold (N,G ) does not admit Dirac-harmonic spheres, then an
approximating sequence with uniformly bounded energies must sub-converge to a smooth
solution.
Remark 5.7. Consider the functional with a potential
AV (ω, φ, ψ) =
ˆ
M
|F (ω)|2 + | dVφ|2 +
〈
ψ, /Dψ
〉
+ V (ω, φ, ψ) dvolg,
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where V : S × N → R is G-equivariant in the second variable and its second derivatives
satisfy
|Vω| ≤ C(| dωφ||ψ| s2 + |ψ|s), |Vφ| ≤ C(| dωφ||ψ| s2 + |ψ|s), |Vψ| ≤ C(| dωφ||ψ| s2m + |ψ|s−1)
for some s < 2m
m−1
. The conditions on the potential imply that the perturbations caused by
the potential are subcritical. The Euler–Lagrange system for this functional AV is
D∗ωF + dµ¯
∗
φ(d
Vφ) +Q(φ, ψ) + Vω = 0,
τV(φ)− 1
2
RV(φ, ψ) + Vφ = 0,
/Dψ + Vψ = 0.
Under the above conditions on the potential the given proof for regularity of weak solutions
in dimension two and the proof for the energy identities for approximating solutions with
uniformly bounded energies generalize. The difficulty is to choose a potential that satisfies
the mathematical constraints and is interesting from the viewpoint of physics or geometry.
References
[1] Wanjun Ai, Chong Song and Miaomiao Zhu. The boundary value problem for Yang–Mills–Higgs
fields. Calculus of Variations and Partial Differential Equations, 58:157, 2019.
[2] Michael Atiyah and Raoul Bott. The Yang–Mills equations over Riemann surfaces. Philosophical
Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences 308.1505:
523–615. 1983.
[3] David Betounes. The geometry of gauge-particle field interaction: a generalization of Utiyama’s
theorem. Journal of Geometry and Physics, 6: 107–125, 1989.
[4] David Betounes. Kaluza–Klein geometry. Differential Geometry and its Applications, 1: 77–88, 1991.
[5] David Betounes. Mathematical aspects of Kaluza–Klein gravity. Journal of Geometry and Physics,
51: 139–165, 2004.
[6] Volker Branding. Some aspects of Dirac-harmonic maps with curvature term. Differential Geometry
and its Applications, 40: 1–13, 2015.
[7] Volker Branding. Dirac-harmonic maps with torsion. Communications in Contemporary Mathemat-
ics, 18(4):1550064, 2016.
[8] Qun Chen, Jürgen Jost, Jiayu Li and Guofang Wang. Dirac-harmonic maps. Mathematische
Zeitschrift, 254(2): 409–432, 2006.
[9] Pierre Deligne and Daniel S. Freed. Supersolutions. In: Quantum Fields and Strings: A Course for
Mathematicians, ed. P. Deligne et al. vol 1, 227–356. Providence: American Mathematical Society,
1999.
[10] Weiyue Ding, Gang Tian. Energy identity for a class of approximate harmonic maps from surfaces.
Communications in Analysis and Geometry, 3(4): 543–554, 1995.
[11] Frank Duzaar and Ernst Kuwert. Minimization of conformally invariant energies in homotopy classes.
Calculus of Variations and Partial Differential Equations, 6: 285–313, 1998.
[12] Yi Fang, Minchun Hong. Heat flow for Yang–Mills–Higgs fields. I. Chinese Ann. Math. Ser. B 21,
no. 4, 453–472, 2000.
[13] Nicolas Ginoux. The Dirac Spectrum. Springer, Berlin, 2009.
[14] Joseph F. Grotowski and Manfred Kronz. Minimizing conformal energies in homotopy classes. Forum
Mathematicum, 16: 841–864, 2004.
[15] Takeshi Isobe. Regularity and energy quantization for the Yang–Mills–Dirac equations on 4-
manifolds. Differential Geometry and its Applications, 28: 359–375, 2010.
[16] Takeshi Isobe. Existence results for solutions to nonlinear Dirac equations on compact spin manifolds.
Manuscript Mathematica, 135: 329–360, 2011.
GEOMETRIC ANALYSIS OF THE YANG–MILLS–HIGGS–DIRAC MODEL 31
[17] Takeshi Isobe. Nonlinear Dirac equations with critical nonlinearities on compact spin manifolds.
Journal of Functional Analysis, 260: 253–307, 2011.
[18] Jürgen Jost. Riemannian geometry and geometric analysis. Springer, Berlin, 2008.
[19] Jürgen Jost, Enno Keßler, Jürgen Tolksdorf, Ruijun Wu and Miaomiao Zhu. Regularity of solutions
of the nonlinear sigma model with gravitino. Communications in Mathematical Physics, 358 (2018),
no. 1, 171–197.
[20] Jürgen Jost, Lei Liu and Miaomiao Zhu. Blow-up analysis for approximate Dirac-harmonic maps
in dimension 2 with applications to the Dirac-harmonic map heat flow. Calculus of Variations and
Partial Differential Equations, 56:108, 2017.
[21] Jürgen Jost, Ruijun Wu and Miaomiao Zhu. Energy quantization for a nonlinear sigma model with
critical gravitinos. Transactions of the American Mathematical Society, Series B, 6: 215–244, 2019.
[22] Enno Keßler. Supergeometry, Super Riemann Surfaces and the Superconformal Action Functional.
Lecture Notes in Mathematics, Vol. 2230, Springer, 2019.
[23] H. Blaine Lawson and Marie-Louise Michelsohn. Spin geometry. Princeton University Press, New
Jersey, 1989.
[24] Fanghua Lin and Yisong Yang. Gauged harmonic maps, Born–Infeld electromagnetism, and magnetic
vortices. Communications on Pure and Applied Mathematics. 56 (11): 1631–1665. 2003.
[25] Eric Loubeau, Henrique N. Sá Earp Harmonic flow of geometric structures. arXiv:1907.06072
[26] Dusa McDuff and Dietmar Salamon. J-holomorphic Curves and Symplectic Topology: Second Edi-
tion. Colloquium Publications, Volume 52. American Mathematical Society, 2012.
[27] Thomas H. Parker. Gauge theories on four dimensional Riemannian manifolds. Communications in
Mathematical Physics, 85: 563–602, 1982.
[28] I. Mundet i Riera. Yang–Mills–Higgs theory for symplectic fibrations. Ph.D thesis, Universidad
Autónoma de Madrid, 1999.
[29] I. Mundet i Riera and Gang Tian. A compactification of the moduli space of twisted holomorphic
maps. Advances in Mathematics, 222: 1117–1196, 2009.
[30] Tristan Rivière. Conservation laws for conformally invariant variational problems. Inventiones math-
ematicae, 168(1):1–22, 2007.
[31] Tristan Rivière. Conformally Invariant 2-dimensional Variational Problems. Cours joint de l’Institut
Henri Poincaré, Paris, 2010.
[32] Tristan Rivière and Michael Struwe. Partial regularity for harmonic maps and related problems.
Communications on Pure and Applied Mathematics, 61(4):451–463, 2008.
[33] Gerd Ruldoph and Matthias Schmidt. Differential Geometry and Mathematical Physics. Springer,
Berlin, 2017.
[34] J. Sacks and K. Uhlenbeck. The existence of minimal immersion of 2-spheres. Annals of Mathematics,
second series, 113(1): 1–24, 1981.
[35] Ben Sharp and Peter Topping. Decay estimates for Rivière’s equation, with applications to regularity
and compactness. Transactions of the American Mathematical Society, 365(5): 2317–2339, 2013.
[36] Chong Song. Critical points of Yang–Mills–Higgs Functional. Communications in Contemporary
Mathematics, 13(3): 463–486, 2011.
[37] Chong Song. Convergence of Yang–Mills–Higgs fields. Mathematische Annalen, 366, no. 1–2, 167–
217, 2016.
[38] Norman Steenrod. The Topology of fiber bundles. Princeton: Princeton University Press, 1951.
[39] Karen Uhlenbeck. Connections with Lp bounds on curvature. Communications in Mathematical
Physics, 83: 31–42, 1982.
[40] Yue Wang, Xi Zhang. The coupled Yang–Mills–Higgs flow. Journal of Mathematical Analysis and
Applications 339, no. 1, 153–174, 2008.
[41] Katrin Wehrheim. Uhlenbeck compactness. European Mathematical Society, Zürich: EMS series of
lectures in mathematics, vol. 1, 2004.
[42] Chris M. Wood. Harmonic sections and Yang–Mills fields. Proceedings of London Mathematics
Society, 54: 544–558, 1987.
[43] Chris M. Wood. An existence theorem for harmonic section. Manuscripta Mathematica, 68: 69–75,
1990.
32 JÜRGEN JOST, ENNO KEßLER, RUIJUN WU, AND MIAOMIAO ZHU
[44] Xu Yang, Rongrong Jin and Guangcun Lu. Solutions of Dirac equations on compact spin manifolds
via saddle point reduction. Journal of Fixed Point Theory and Applications, 19: 215–229, 2017.
Max Planck Institute for Mathematics in the Sciences, Inselstr. 22–26, 04103 Leipzig,
Germany
E-mail address: jjost@mis.mpg.de
Harvard University, Center of Mathematical Sciences and Applications, 20 Garden Street,
Cambridge, MA 02138, USA
E-mail address: ek@cmsa.fas.harvard.edu
Centro di Ricerca Matematica Ennio De Giorgi, Collegio Puteano, Scuola Normale Su-
periore, Piazza dei Cavalieri 3, I-56100 Pisa, Italy
E-mail address: ruijun.wu@sns.it
School of Mathematical Sciences, Shanghai Jiao Tong University, Dongchuan Road 800,
200240 Shanghai, P.R.China
E-mail address: mizhu@sjtu.edu.cn
